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ABSTRACT
This paper introduces a new parsimonious transformation within the T-X fam-
ily of distributions that generates flexible models without introducing additional
parameters. The proposed generator enhances classical distributions by embed-
ding a structurally adaptive mechanism capable of modeling diverse hazard rate
shapes—including increasing, decreasing, and bathtub forms—while maintaining
computational simplicity. Analytical properties such as linear representation, mo-
ments, order statistics, and information-theoretic measures are systematically de-
rived and examined. Maximum likelihood estimation procedures are developed, and
a Monte Carlo simulation study evaluates estimator performance under varying
sample sizes and parameter settings through bias, mean squared error, and coverage
probability. Two submodels—the New Parsimonious Exponential (NPEx) and New
Parsimonious Weibull (NPW) distributions—are explored in detail. Their flexibility
is demonstrated through visualization, parameter sensitivity analysis, and empiri-
cal validation using three real-world datasets: COVID-19 case counts from Kerala
(India), flood peak exceedances from the Wheaton River (Canada), and leukemia
patient survival times. Model comparison using goodness-of-fit criteria (AIC, BIC,
CAIC, HQIC) and the Nikulin–Rao–Robson statistic confirms that the proposed
family achieves superior fit with minimal parameterization, providing a unified and
robust framework for lifetime and reliability modeling.

KEYWORDS
T–X family of distributions; Parameter-preserving transformation; Survival
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1. Introduction

In recent years, the development of transformation-based distribution families has pro-
vided a unifying framework for constructing flexible probability models across diverse
applied domains. Among these, the T–X family of distributions [3] has gained promi-
nence due to its ability to generate new continuous distributions through functional
transformations of a baseline cumulative distribution function (cdf ). These methods al-
low researchers to tailor models to accommodate skewness, kurtosis, and complex haz-
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ard structures observed in real-world data. However, many generalizations achieve flex-
ibility by introducing additional shape parameters, which can complicate estimation
and interpretation. In contrast, parameter-preserving transformations (PPT), those
that retain the parameter dimensionality of the baseline distribution (BD), offer a
parsimonious alternative with comparable adaptability. This paper contributes to this
stream of research by examining a specific PPT within the T–X framework, defined
by G(x) = F (x)e1−F (x), and by demonstrating its analytical properties and practical
utility through applications to survival, hydrological, and epidemiological data.

The motivation for this work arises from the practical need for models that balance
flexibility and interpretability when describing real-world phenomena such as survival
lifetimes, hydrological extremes, and epidemiological growth patterns. Although many
transformation-based families offer substantial shape adaptability, this often comes
at the cost of additional parameters that complicate inference and limit practical us-
ability in small or moderate samples. The present study focuses on a parsimonious
alternative that maintains the parameter dimensionality of the BD while still accom-
modating diverse data behaviors. Specifically, the transformation G(x) = F (x)e1−F (x)

is examined as a parameter-preserving member of the T–X family. The objectives of
this paper are threefold: (i) to derive and analyze its key distributional properties,
including the probability density, survival, hazard, and quantile functions; (ii) to in-
vestigate the behavior of maximum likelihood estimators through simulation under
finite samples; and (iii) to demonstrate the transformation’s practical utility using
empirical applications to survival, hydrological, and COVID-19 datasets.

The proposed transformation builds upon a broad body of research on generator-
based families of continuous distributions. Early contributions such as the Transmuted–
G family [25] and its subsequent extensions [4, 19] introduced functional transforma-
tions to enhance baseline models. Parallel developments produced the Exponentiated–
G, Beta–G, and Kumaraswamy–G families [11, 13, 8], which achieved additional flexi-
bility through the inclusion of extra shape parameters. The T–X family unified many
of these generator approaches by expressing new models as monotonic transformations
of an existing cdf, inspiring further variants such as [5] and [26]. More recently, par-
simonious or PPT have been investigated as means to maintain interpretability while
preserving the ability to capture diverse data behaviors [10, 16]. Within this context,
the transformation G(x) = F (x)e1−F (x) exemplifies a simple parameter-preserving
member of the T–X framework, complementing existing methods by providing distri-
butional flexibility through its functional structure rather than by introducing addi-
tional parameters.

The remainder of the paper is organized as follows. Section 2 presents the ana-
lytical formulation of the proposed transformation within the T–X framework. The
key distributional properties, including the probability density, survival, and hazard
functions, together with analytical representations for moments and entropy, are dis-
cussed in Section 3. Section 4 outlines the maximum likelihood estimation (MLE)
procedure. Section 5 examines in detail two submodels based on the exponential and
Weibull distributions. Section 6 demonstrates the practical relevance of the proposed
transformation through empirical analyses using three real-world datasets from sur-
vival, hydrological, and epidemiological contexts. The goodness-of-fit evaluation based
on the Nikulin–Rao–Robson (NRR) test statistic is provided in Section 7. Finally,
Section 8 summarizes the principal findings, highlights the advantages of parameter-
preserving transformations for applied modeling, and suggests directions for future
research.
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2. Methodology

This section presents the analytical formulation of the proposed PPT within the T–X
framework. Let F (y; ζ) denote a baseline cdf with corresponding probability density
function (pdf ) f(x; ζ), where ζ is the vector of baseline parameters. The proposed,
transformed cdf is defined as

G(y; ζ) = F (y; ζ) e 1−F (y;ζ), (1)

which satisfies the regularity conditions G(−∞) = 0, G(∞) = 1, and G′(y) > 0
for all y. This construction represents a specific functional case of the general T–X
transformation

G(y) = W (F (y)),

with W (u) = ue 1−u, where W : [0, 1] → [0, 1] is continuous, increasing, and concave.
The concavity of W (u) ensures that the resulting distribution is stochastically smaller
than the baseline, effectively reallocating probability mass toward the lower tail.

3. Structural Properties

3.1. Probability Density and Survival Functions

Differentiating (1) with respect to y yields the pdf

g(y; ζ) = f(y; ζ)T
(
F (y; ζ)

)
, T (u) = W ′(u) = e 1−u (1− u), 0 < u < 1, (2)

where f(y; ζ) is the baseline pdf and W (u) = u e 1−u is the generating function. For
computational convenience, we also write the reweighting in the shorthand form

g(y; ζ) = f(y; ζ)M(y; ζ), M(y; ζ) = T
(
F (y; ζ)

)
= e 1−F (y;ζ) {1− F (y; ζ)}.

(3)
Since T (u) > 0 for 0 < u < 1 and∫ 1

0
T (u) du =

∫ 1

0
e 1−u (1− u) du = 1, (4)

g(y; ζ) is nonnegative and integrates to unity, so G(y; ζ) defines a valid cdf for any
continuous baseline F (y; ζ).

The survival function and hazard rate of the transformed model are

Ḡ(y; ζ) = 1− F (y; ζ) e 1−F (y;ζ), (5)

hG(y; ζ) =
g(y; ζ)

Ḡ(y; ζ)
=

e 1−F (y;ζ) {1− F (y; ζ)} f(y; ζ)
1− F (y; ζ) e 1−F (y;ζ)

. (6)

Let S(y; ζ) = 1−F (y; ζ) denote the baseline survival and hF (y; ζ) = f(y; ζ)/S(y; ζ)
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the baseline hazard. Then the transformed hazard admits the product form

hG(y; ζ) = hF (y; ζ) Φ
(
F (y; ζ)

)
, Φ(F ) =

e 1−F (1− F )2

1− F e 1−F
, (7)

or, equivalently, in terms of S,

hG(y; ζ) = hF (y; ζ)Ψ
(
S(y; ζ)

)
, Ψ(S) =

eS S2

1− (1− S) eS
. (8)

This factorization shows that the proposed hazard equals the baseline hazard multi-
plied by a smooth, parameter-free adjustment depending only on the baseline cumu-
lative (or survival) probability. Because Φ(F ) > 1 for small F and Φ(F ) < 1 for large
F , the transformation typically amplifies early hazards while attenuating tail hazards,
enabling monotonic and non-monotonic shapes (including bathtub and unimodal pat-
terns) without introducing additional parameters.

3.2. Quantile Function and Random Variate Generation

The quantile function (qf) provides a convenient analytic tool for both theoretical
characterization and random variate generation. Let u = F (y; ζ) and p = G(y; ζ).
From (1), we obtain

p = u e 1−u ⇐⇒ u e−u =
p

e
. (9)

Multiplying both sides by −1 and applying the Lambert W function, defined implicitly
by W (z)eW (z) = z, yields

u = −W0

(
−p

e

)
, (10)

where W0(·) denotes the principal branch of the Lambert W function. Substituting
this expression into the baseline qf F−1(·) gives

QG(p; ζ) = F−1
[
−W0

(
−p

e

)
; ζ
]
, 0 < p < 1. (11)

Equation (11) shows that the quantile of the transformed model is obtained by eval-
uating the baseline quantile at a rescaled cumulative probability, where the rescaling
is governed by the Lambert W function. This relationship also permits random variate
generation as follows:

(1) Generate U ∼ Uniform(0, 1);
(2) Compute u∗ = −W0(−U/e);
(3) Obtain Y = F−1(u∗; ζ).

The boundary conditions are consistent with a valid cdf : as p → 0, u → 0 and
QG(p)→ −∞; as p→ 1, u→ 1 and QG(p)→∞, so the transformation preserves the
support of the BD.

Because the Lambert W function is implemented in standard scientific software
(lambertW in R, scipy.special.lambertw in Python, LambertW in Mathematica),

4



Asian European Journal of Probability and Statistics Sinia, Davisb, and Chackoa

the above procedure enables efficient simulation from the proposed transformation.
Moreover, the analytic form of QG(p; ζ) facilitates the derivation of L-moments and
quantile-based measures of skewness and kurtosis, offering additional avenues for char-
acterizing distributional shape and variability.

3.3. Linear Representation

To facilitate subsequent derivations, we express the proposed density as an infinite
linear mixture of exponentiated–G (Ex-G) components. Recall that

g(y; ζ) = f(y; ζ) e 1−F (y;ζ) {1− F (y; ζ)}, F ≡ F (y; ζ), f ≡ f(y; ζ).

Using the expansions e−F =
∑∞

m=0
(−F )m

m! and (1− F ) = 1− F , we obtain

e 1−F (1− F ) = e
[
1 +

∞∑
j=1

bj F
j
]
, bj = (−1)j

(
1

j!
+

1

(j − 1)!

)
, j ≥ 1,

(with b0 = 1). Therefore,

g(y; ζ) = f e
[
1 +

∞∑
j=1

bj F
j
]
=

∞∑
j=0

aj qj+1(y; ζ), (12)

where

qj+1(y; ζ) = (j + 1)F (y; ζ)j f(y; ζ)

is the Ex–G density with power parameter (j + 1) > 0, and the mixture weights are

a0 =
e

1
, aj =

e bj
j + 1

=
e (−1)j

j + 1

(
1

j!
+

1

(j − 1)!

)
, j ≥ 1.

Integrating (12) gives the corresponding representation for the cdf as

G(y; ζ) =

∞∑
j=0

aj Qj+1(y; ζ),

where Qj+1(·; ζ) is the cdf of the Ex–G family with power (j + 1).

3.3.1. Remarks

(i) The factorial terms in aj guarantee absolute convergence of the series for all y
(uniform on compact sets in F ), making the linear representation (LR) numerically
stable for truncation.
(ii) The LR shows that many analytical functionals of the proposed model can be
obtained by reusing known formulas for the Ex–G class (e.g., moment integrals reduce
to weighted sums of Ex–G moments).
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3.4. Moments, Generating Functions, and Entropy

Analytical characterisation of the proposed model can be advanced through its moment
and information–theoretic properties. Let Y denote a random variable (RV) following
(1) with BD F (y; ζ) and corresponding density f(y; ζ). Using the representation in
(3), the rth raw moment is

µ′
r = E[Y r] =

∫ ∞

−∞
yr f(y; ζ)M(y; ζ) dy. (13)

By the change of variable u = F (y; ζ), du = f(y; ζ) dy, we obtain the compact form

µ′
r =

∫ 1

0
QF (u; ζ)

r e 1−u(1− u) du, (14)

where QF (·) is the baseline qf. Equation (14) shows that the transformation preserves
the support of the baseline model while weighting the qf by e 1−u(1−u). When QF (u)
is available in closed form (e.g. exponential or Weibull baselines), the integral can be
expressed analytically; otherwise, numerical quadrature provides accurate estimates.

3.4.1. Moment and Cumulant Generating Functions

Using the LR in Section 3.3, the moment generating function (MGF) can be written
as a weighted sum of MGFs of Ex-G densities.

MY (t) =

∞∑
j=0

aj Mj+1(t), Mj+1(t) =

∫ ∞

−∞
ety qj+1(y; ζ) dy, (15)

where aj and qj+1(·) are defined in (12). The cumulant generating function (CGF) is
KY (t) = lnMY (t), and the rth cumulant κr follows by differentiation at t = 0.

3.4.2. Central Moments and Shape Measures

Central moments follow in the usual way, µr = E[(Y − µ′
1)

r], with variance σ2 = µ2

and coefficient of skewness γ1 = µ3/σ
3. Because the weighting function e 1−u(1 − u)

shifts probability mass toward smaller u, the transformation typically increases right
skewness and can slightly reduce variance relative to the baseline, depending on the
tail behaviour of F .

3.4.3. Entropy

The Shannon entropy of the transformed model is

HG = −
∫ ∞

−∞
g(y; ζ) ln g(y; ζ) dy

= −
∫ 1

0
e 1−u(1− u) ln

[
e 1−u(1− u) f(QF (u; ζ); ζ)

]
du. (16)

The second expression separates the baseline contribution from that of the transfor-
mation. Because e 1−u(1 − u) < 1 for u > 0, the entropy of the new distribution is
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generally smaller than that of the baseline, reflecting the reduction in uncertainty
associated with its left-shifted mass.

3.5. Shape Properties of the PDF and Hazard Function

An essential aspect of any generated family is its ability to capture a wide range
of shapes for the density and hazard functions. The proposed transformation, being
parameter–preserving, modifies the baseline shape exclusively through the functional
factor M(y; ζ), without altering the parameter space. This section examines the ana-
lytical conditions under which the transformed model produces monotonic, unimodal,
or non–monotonic forms.

3.5.1. Critical points of the density

Differentiating (3) yields

g′(y; ζ) = e 1−F (y;ζ)
[
− f(y; ζ)2{1− F (y; ζ)}+ {1− 2F (y; ζ)}f ′(y; ζ)

]
. (17)

Setting g′(y; ζ) = 0 gives the stationary points satisfying

f ′(y; ζ)

f(y; ζ)
=

f(y; ζ){1− F (y; ζ)}
1− 2F (y; ζ)

. (18)

Equation (18) links the slope of the baseline log–density to its cumulative function
and reveals how the transformation shifts the location of the mode. For F (y) < 1

2 , the
right–hand side is positive, suggesting that the peak of g(y) occurs at smaller values
of y relative to the baseline, confirming a leftward shift of the mass.

3.5.2. Shape of the hazard function

From (7), the derivative of the hazard is

dhG(y; ζ)

dy
= h′F (y; ζ) Φ(F ) + hF (y; ζ) f(y; ζ) Φ

′(F ), (19)

where

Φ′(F ) = e 1−F

[
−F (1− F )2 + 2(1− F )(1− Fe 1−F )

(1− Fe 1−F )2

]
.

Since Φ′(F ) changes sign as F increases, the proposed model can produce both increas-
ing and decreasing segments in hG(y), leading to non–monotonic hazard shapes such
as bathtub or inverse–bathtub forms. The inflection points occur where Φ′(F ) = 0,
approximately around F ≈ 0.3 and F ≈ 0.8, depending on the baseline form.

7
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3.6. Stochastic Ordering

The concavity of the generating function W (u) = ue 1−u implies that W (u) < u for
all u ∈ (0, 1). Consequently,

G(y; ζ) = W (F (y; ζ)) < F (y; ζ), ∀ y.

Hence, the transformed variable YG is stochastically smaller than the baseline variable
YF , written as YG ≤st YF . Moreover, since W ′(u) = e 1−u(1−u) is decreasing in u, the
model also satisfies YG ≤hr YF and YG ≤lr YF in the hazard–rate and likelihood–ratio
orderings, respectively. These results confirm analytically that the proposed transfor-
mation shifts probability mass toward lower values and produces lighter right tails
than the BD.

4. Parameter Estimation via Maximum Likelihood

The unknown parameters of the proposed model can be estimated by the method of
maximum likelihood, which provides efficient and asymptotically normal estimators
under standard regularity conditions. Let y1, y2, . . . , yn denote a random sample of
size n from (1) with pdf in (2). The log-likelihood function is then

ℓ(ζ) =

n∑
i=1

ln g(yi; ζ)

=

n∑
i=1

[
ln f(yi; ζ) + 1− F (yi; ζ) + ln{1− F (yi; ζ)}

]
. (20)

The score vector, obtained by differentiating ℓ(ζ) with respect to ζ, is

U(ζ) =
∂ℓ(ζ)

∂ζ

=

n∑
i=1

[
1

f(yi; ζ)

∂f(yi; ζ)

∂ζ
− ∂F (yi; ζ)

∂ζ
− 1

1− F (yi; ζ)

∂F (yi; ζ)

∂ζ

]
. (21)

The maximum likelihood estimates (MLEs), ζ̂, are obtained by solving U(ζ) =
0 numerically. Because the equations generally have no closed–form solu-
tion, iterative optimization algorithms such as the Newton–Raphson, Broy-
den–Fletcher–Goldfarb–Shanno (BFGS), or other quasi–Newton methods are recom-
mended. These routines are readily available in statistical software, including optim

in R, PROC NLMIXED in SAS, and scipy.optimize in Python. Convergence can be
monitored using the gradient norm or relative change in the log–likelihood between
successive iterations.

Once the MLEs are obtained, approximate standard errors follow from the inverse
of the observed Fisher information matrix

I(ζ̂) = − ∂2ℓ(ζ)

∂ζ ∂ζ⊤

∣∣∣∣
ζ=ζ̂

,
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and asymptotic confidence intervals for each parameter ζj can be constructed as ζ̂j ±
zα/2 SE(ζ̂j), where SE(ζ̂j) =

√
[I−1(ζ̂)]jj .

To examine the finite-sample performance of the MLEs, a set of Monte Carlo ex-
periments was conducted under the exponential (Ex) and Weibull (W) submodels of
the proposed family. For each case, random samples were generated via the quantile
function, and the resulting estimates were evaluated in terms of bias, mean–squared
error (MSE), and confidence-interval coverage. The detailed design and outcomes of
these simulations are presented within the respective submodel sections, where they
provide further support for the robustness and numerical stability of the estimation
procedure.

5. Illustration with Examples

In this section, we explore specific distributions across different supports of RV, includ-
ing (0, 1), (0, θ), (0,∞), (µ, 0), and (−∞,∞). We consider the Ex, W, Kumaraswamy
(Kw), beta, Burr XII (BXII), Gumbel (Gu), logistic (Lo), power function (PF) or gen-
eralized uniform, and Pareto (Pa) models as examples. A detailed study of submodels
with Ex and W distributions as baseline are respectively in section 5.1 and section 5.2.
Other submodels are provided in Table A1.

5.1. Exponential Submodel

We begin by applying the Ex distribution as the baseline distribution, characterized
by its cdf F (t;λ) = 1 − e−λt; t > 0, λ > 0. For this new parsimonious exponential
(NPEx) distribution, the cdf, pdf, and hf are respectively given by

G(y;λ) = (1− e−λy)ee
−λy

; y > 0, λ > 0, (22)

g(y;λ) = λe−2λyee
−λy

; y > 0, λ > 0, (23)

h(y;λ) =
λe−2λyee

−λy

1− (1− e−λy)ee−λy ; y > 0, λ > 0. (24)

Figures 1 and 2 present the cumulative, density, and hazard functions of the Ex
and NPEx models for selected values of λ. The NPEx model shows higher early con-
centration and lighter tails, indicating right-skewed behavior relative to the baseline
exponential. The Ex model exhibits constant hazard, whereas the NPEx model allows
decreasing and bathtub-shaped hazard structures, demonstrating enhanced flexibil-
ity. Figure 3 further presents the parameter sensitivity analysis: panel (a) shows how
changes in λ affect the shape and tail behavior of the density, while panel (b) illustrates
the corresponding variations in the hazard function.

5.1.1. Quantile Function

The qf of the NPEx model follows directly from the general formulation discussed in
Section 3.2. Since the baseline exponential quantile is QF (p;λ) = − 1

λ ln(1 − p), the

9
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Figure 1. Comparison between the Ex and NPEx models for different λ.

0 1 2 3 4 5 6
y

1

2

3

4

5

Ha
za

rd

Ex v/s NPEx
Ex ( =0.5)
NPEx ( =0.5)
Ex ( =1.0)
NPEx ( =1.0)
Ex ( =2.0)
NPEx ( =2.0)

Figure 2. Hazard function comparison between the Ex and the NPEx models for different λ.

0 1 2 3 4 5 6
y

0

2

4

6

8

10

De
ns

ity

NPEx: Parameter sensitivity
=0.25
=0.5
=1.0
=2.0
=4.0

(a) NPEx: Parameter sensitivity (density).

0 1 2 3 4 5 6
y

0

2

4

6

8

10

Ha
za

rd

NPEx: Parameter sensitivity (hazard)
=0.25
=0.5
=1.0
=2.0
=4.0

(b) NPEx: Parameter sensitivity (hazard).

Figure 3. Parameter sensitivity analysis of the NPEx model for different values of λ.

inverse relationship yields

QG(p;λ) = F−1
(
−W0

(
−p

e

))
= − 1

λ
ln
(
1 +W0

(
−p

e

) )
, 0 < p < 1,

where W0(·) denotes the principal branch of the Lambert W function. This closed-
form quantile facilitates random variate generation via the inverse-transform method.
When a direct computation of W0 is unavailable, Newton–Raphson iteration can be
employed to solve the equation (1− e−λx)ee

−λx − p = 0 for x.
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Algorithm 1 Generation of NPEx Random Variates via Newton–Raphson Inversion

Require: Number of variates n, parameter λ
Ensure: Array of NPEx random variates X
1: for i = 1 to n do
2: Generate pi ∼ U(0, 1)
3: Choose an initial guess x0 and tolerance ϵ
4: repeat
5: y ← e−λx

6: R← (1− y)ey − pi
7: R′ ← λyey(y − 2)
8: xnew ← x−R/R′

9: x← xnew
10: until |R| < ϵ
11: X[i]← x
12: end for
13: return X

5.1.2. Analytical Properties

Analytical characteristics of the NPEx model can be expressed through its moments
and generating functions. Let Y be a RV following the NPEx distribution with pa-
rameter λ > 0 and pdf g(y;λ) = λe−2λyee

−λy

.

5.1.3. Raw Moments

The nth raw moment is defined as

µ′
n = E[Y n] =

∫ ∞

0
xng(y;λ) dy

=

∫ ∞

0
ynλe−2λyee

−λy

dy. (25)

Using the exponential series expansion ez =
∑∞

m=0 z
m/m!, we obtain

µ′
n =

∞∑
m=0

λ

m!

∫ ∞

0
yne−λy(m+2)dy.

Recognizing the integral as the Gamma function Γ(n+ 1), we have

µ′
n =

∞∑
m=0

1

m!

Γ(n+ 1)

λn(m+ 2)n+1
. (26)

Equation (26) provides a convergent series expression that can be truncated for nu-
merical evaluation of the mean, variance, and higher moments.

11
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5.1.4. MGF

The MGF MY (t) = E[etY ] is given by

MY (t) =

∫ ∞

0
etyg(y;λ) dy

=

∞∑
m=0

λ

m!

∫ ∞

0
ey[t−λ(m+2)]dy, (27)

which converges for t < λ(m+ 2) and simplifies to

MY (t) =

∞∑
m=0

λ

m![λ(m+ 2)− t]
, t < 2λ. (28)

Differentiating MY (t) n times and evaluating at t = 0 yields the nth raw moment

µ′
n = dnMY (t)

dtn

∣∣
t=0

.

5.1.5. CF

The CF ΦY (t) = E[eitY ] has an analogous series form

ΦY (t) =

∞∑
m=0

λ

m![λ(m+ 2)− it]
, t ∈ R. (29)

Equations (28) and (29) offer compact analytic representations for studying the dis-
tribution’s moment structure, skewness, and kurtosis. The rapid convergence of the
factorial series ensures stable numerical computation even for moderate truncation
levels.

5.1.6. Mean deviation

The mean absolute deviation about the mean µ = E[X] is

E[|Y − µ|] =
∫ ∞

0
|y − µ| g(y;λ) dy

= 2

∫ ∞

µ
(y − µ) g(y;λ) dy

= 2µG(µ;λ)− 2µ+ 2

∫ ∞

µ
x g(y;λ) dy, (30)

where G(·;λ) is the NPEx cdf and g(·;λ) is the NPEx pdf. Hence,

E[|Y − µ|] = 2µ
(
1− e−λµ

)
e e−λµ − 2µ+ 2

∫ ∞

µ
y λe−2λy e e−λy

dy. (31)

12
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To evaluate the tail integral, expand e e−λy

=
∑∞

m=0
e−mλy

m! and integrate termwise

∫ ∞

µ
y λe−2λy e e−λy

dy =

∞∑
m=0

1

m!

∫ ∞

µ
λy e−(m+2)λy dy

=

∞∑
m=0

1

m!
e−(m+2)λµ

(
µ

m+ 2
+

1

(m+ 2)2 λ

)
. (32)

Substituting into (31) yields a rapidly convergent series for E[|Y − µ|].

5.1.7. Mean deviation about the median

Let M be the (unique) median, i.e., G(M ;λ) = 1/2. By the same decomposition,

E[|Y −M |] = 2M G(M ;λ)− 2M + 2

∫ ∞

M
y g(y;λ) dy

= −M + 2

∫ ∞

M
y g(y;λ) dy, (33)

and the tail integral admits the analogous series∫ ∞

M
y λe−2λy e e−λy

dy =

∞∑
m=0

1

m!
e−(m+2)λM

(
M

m+ 2
+

1

(m+ 2)2 λ

)
.

5.1.8. Remarks

(i) The 1/m! factors ensure fast numerical convergence; truncation at m ≤ 10–15 is
typically sufficient.
(ii) The same approach yields mean deviations about any threshold c > 0 by replacing
µ (or M) with c.

5.1.9. Order statistics

Let Y1, . . . , Yn be i.i.d. with continuous cdf G(y) and pdf g(y), and let Yk:n denote the
kth order statistic. The distribution functions of Yk:n are

Gk:n(y) = Pr(Yk:n ≤ y) =

n∑
j=k

(
n

j

)[
G(y)

]j[
1−G(y)

]n−j
, (34)

gk:n(y) =
n!

(k − 1)!(n− k)!

[
G(y)

]k−1[
1−G(y)

]n−k
g(y). (35)

For the NPEx model,

G(y;λ) =
(
1− e−λy

)
e e−λy

, g(y;λ) = λ e−2λy e e−λy

, y > 0, λ > 0.

13
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Substituting into (34)–(35) yields

Gk:n(y;λ) =

n∑
j=k

(
n

j

)[(
1− e−λy

)
e e−λy

]j[
1−

(
1− e−λy

)
e e−λy

]n−j
, (36)

gk:n(y;λ) =
n!

(k − 1)!(n− k)!

[(
1− e−λy

)
e e−λy

]k−1[
1−

(
1− e−λy

)
e e−λy

]n−k
λ e−2λy e e−λy

.

(37)

In particular, the extremes are

G1:n(y;λ) = 1−
[
1−G(y;λ)

]n
, Gn:n(y;λ) =

[
G(y;λ)

]n
,

with densities obtained from (37) by setting k = 1 or k = n.

5.1.10. Quantile representation

Let QG(·;λ) be the NPEx quantile (Section 5.1.1). For k = 1, . . . , n,

E
[
Yk:n

]
=

∫ 1

0
QG(u;λ) Beta

(
u; k, n− k + 1

)
du,

and higher moments follow analogously. This representation is convenient for accu-
rate numerical evaluation because QG is available in closed form via the Lambert W
function.

5.1.11. Entropy and information measures

Entropy quantifies the uncertainty or information content associated with a probability
distribution. For a continuous RV Y with pdf g(y), the Rényi entropy of order δ > 0
(δ ̸= 1) is defined as

Hδ(Y ) =
1

1− δ
log

[∫ ∞

0

{
g(y;λ)

}δ
dy

]
. (38)

For the NPEx distribution, substituting g(y;λ) = λe−2λye e−λy

gives∫ ∞

0
{g(y;λ)}δ dy = λδ

∫ ∞

0
e−2δλy eδe

−λy

dy

=
λδ−1

2δ

∞∑
m=0

(2δ)m

m!(m+ 2δ)
, (39)

where the exponential term has been expanded using eδe
−λy

=
∑∞

m=0
(δe−λy)m

m! . Hence
the Rényi entropy of the NPEx model can be expressed as

Hδ(Y ) =
1

1− δ

[
log

(
λδ−1

2δ

)
+ log

( ∞∑
m=0

(2δ)m

m!(m+ 2δ)

)]
. (40)

14
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Equation (40) provides a rapidly convergent series representation that can be trun-
cated for numerical evaluation. The Shannon entropy is obtained in the limit δ → 1.
Figure 4 illustrates the variation of the Rényi entropy with respect to δ for selected
values of λ.

Figure 4. NPEx distribution: Rényi entropy for λ = 1, 0.05, 0.01, and 5. Higher λ values lead to lower
entropy, reflecting increased concentration of probability near the origin.

5.1.12. Estimation

Let {y1, y2, . . . , yn} be a random sample of size n drawn from the NPEx distribution
with parameter λ. The likelihood function is given by

L(λ; y1, y2, . . . , yn) =

n∏
i=1

g(yi;λ), g(y;λ) = λe−2λye e−λy

.

Taking logarithms, the log-likelihood function becomes

ℓ(λ) = n log λ− 2λ

n∑
i=1

yi +

n∑
i=1

e−λyi . (41)

The score function, obtained by differentiating (41) with respect to λ, is

U(λ) =
∂ℓ

∂λ
=

n

λ
− 2

n∑
i=1

yi −
n∑

i=1

yie
−λyi . (42)

Setting U(λ) = 0 gives the MLE λ̂, which must be found numerically. The observed

15
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Fisher information is obtained from the negative of the second derivative:

I(λ) = − ∂2ℓ

∂λ2
=

n

λ2
−

n∑
i=1

y2i e
−λyi . (43)

The asymptotic variance of λ̂ is given by Var(λ̂) ≈ I−1(λ̂), and confidence intervals
can be constructed using the Wald approach:

λ̂± zα/2

√
Var(λ̂).

The nonlinear score in (42) is solved iteratively using standard numerical routines such
as the Newton–Raphson or BFGS algorithms. In this study, all numerical optimizations
were implemented in R [22] using the optim function.

5.1.13. Simulation analysis

A Monte Carlo simulation study was carried out to evaluate the performance of the
MLE of the parameter λ in the NPEx distribution. Random samples were generated
using the quantile-based algorithm described in Section 5.1.1. For each experiment,
1000 pseudo-random samples were generated for varying sample sizes and parameter
values to assess both small-sample and asymptotic properties.

Sixteen parameter combinations were considered: n = 50, 100, 500, 1000 and λ =
0.5, 1, 1.5, 2. In each case, the MLE λ̂ was obtained by maximizing the log-likelihood
function in (41) using the optim routine in R with the BFGS method. Table 1 presents
the average estimates (MLE), standard errors (SE), bias, and mean squared errors
(MSE) over 1000 replications. The corresponding variation of bias and MSE across
sample sizes is depicted in Figure 5.

Table 1 confirms the good performance of the MLE for the NPEx model. Both bias
and MSE decrease with larger sample sizes, demonstrating estimator consistency and
efficiency. The empirical SEs align with theoretical expectations, and coverage proba-
bilities remain close to 95%, indicating reliable inference even for moderate samples.

Table 1. NPEx Simulation Results

λ n MLE SE Bias MSE CP

0.5 50 0.5082 0.0753 0.0082 0.00574 95.10
100 0.5039 0.0551 0.0039 0.00305 94.50
500 0.5007 0.0245 0.0007 0.00060 93.70
1000 0.5010 0.0175 0.0010 0.00031 94.90

1.0 50 1.0181 0.1593 0.0181 0.02569 94.20
100 1.0124 0.1075 0.0124 0.01170 95.70
500 1.0035 0.0460 0.0035 0.00212 95.60
1000 1.0003 0.0335 0.0003 0.00112 94.90

1.5 50 1.5275 0.2294 0.0275 0.05334 95.70
100 1.5149 0.1597 0.0149 0.02571 95.00
500 1.5078 0.0718 0.0078 0.00521 96.00
1000 1.5014 0.0499 0.0014 0.00249 96.00

2.0 50 2.0524 0.3116 0.0524 0.09972 95.60
100 2.0233 0.2135 0.0233 0.04609 95.20
500 2.0028 0.0961 0.0028 0.00924 93.80
1000 2.0015 0.0675 0.0015 0.00456 94.70
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Figure 5. Bias, mean squared error (MSE), and coverage probability (CP) plots of the NPEx model for
different values of the rate parameter λ.

5.2. New Parsimonious Weibull (NPW) distribution

The Weibull (W ) distribution is widely used in reliability analysis and survival mod-
eling due to its flexibility in representing different hazard shapes. Here, we adopt the
baseline W distribution with the cdf

F (y;λ, k) = 1− e−(λy)k , y > 0, λ > 0, k > 0.

Applying the proposed transformation, the cdf, pdf, and hazard rate function (hf) of
the NPW model are obtained respectively as

G(y;λ, k) =
[
1− e−(λy)k

]
e e−(λy)k

, (44)

g(y;λ, k) = k λkyk−1e−2(λy)k+e−(λy)k

, (45)

h(y;λ, k) =
k λkyk−1e−2(λy)k+e−(λy)k

1−
[
1− e−(λy)k

]
e e−(λy)k

. (46)

Figures 6 and 7 show the density and hazard characteristics of the NPW model
and its comparison with the Weibull baseline. The NPW distribution exhibits both
unimodal and decreasing density shapes, while its hazard function displays flexible
patterns such as increasing, decreasing, and bathtub forms. Compared with theWeibull
model, NPW provides sharper cdf growth, heavier right skewness, and richer hazard
dynamics—demonstrating its enhanced flexibility without added parameters.
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Figure 6. NPW distribution: density and hazard functions for selected parameter combinations (λ, k) ∈
{(0.5, 0.7), (1.0, 1.0), (1.0, 1.5), (2.0, 2.0)}.
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Figure 7. Comparison between the Weibull and NPW distributions for selected parameter values (λ, k) ∈
{(1.0, 1.0), (1.0, 1.5), (1.0, 2.0)}. The plots illustrate cumulative distribution, density, and hazard rate differ-
ences.

5.2.1. Quantile function

Let u = F (y;λ, k) and p = G(y;λ, k). From p = u e 1−u we obtain

u = −W0

(
−p

e

)
,

where W0(·) is the principal branch of the Lambert W function. Solving u = 1−e−(λy)k

for y yields the NPW quantile:

QG(p;λ, k) =

{
− ln

[
1 +W0(−p/e)

]
λ k

}1/k

=
1

λ

[
−ln

{
1+W0(−p/e)

}]1/k
, 0 < p < 1.

(47)
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5.2.2. Random variate generation

The inverse–transform sampler follows directly from (47):

(1) Generate U ∼ Uniform(0, 1);
(2) Compute u∗ = −W0(−U/e);
(3) Set Y =

1

λ

[
− ln(1− u∗)

]1/k
.

Because W0 is implemented in standard software, simulation is efficient and numeri-

cally stable. If W0 is unavailable, one may instead solve (1 − e−(λy)k)ee
−(λy)k − p = 0

for y using Newton–Raphson with the derivative

d

dy

{
(1− e−(λy)k)ee

−(λy)k
}
= kλkyk−1 e−2(λy)k+e−(λy)k

.

As p ↓ 0, W0(−p/e) → 0− and QG(p) → 0. As p ↑ 1, W0(−p/e) → −1+ and
QG(p)→∞, so the support (0,∞) is preserved.

5.2.3. Tail behavior and asymptotics

Let y → ∞ and define s = (λy)k and ε = e−s. Expanding G(y) = F (y)e 1−F (y) =
(1− ε)eε gives

G(y) = 1− 1
2ε

2 +O(ε3) ⇒ Ḡ(y) = 1−G(y) = 1
2e

−2(λy)k [1 + o(1)].

Thus, the NPW survival tail decays faster than that of the Weibull distribution F̄ (y) =

e−(λy)k , implying a lighter right tail and reduced extreme-value sensitivity.

5.2.4. Asymptotic hazard behavior

Using g(y) = f(y)e 1−F (y)[1− F (y)] and the expansion above, we have

g(y) ∼ kλkyk−1e−2(λy)k , Ḡ(y) ∼ 1
2e

−2(λy)k .

Hence, the hazard function satisfies

hG(y) =
g(y)

Ḡ(y)
∼ 2kλkyk−1 (y →∞),

indicating that the NPW hazard approaches twice the Weibull hazard asymptotically.

5.2.5. Stochastic ordering

Since W (u) = ue1−u is increasing and concave on (0, 1), with W (u) < u, it follows
that

G(y) = W (F (y)) < F (y) ∀ y > 0,

which implies the stochastic dominance relation

YNPW ≤st YWeibull.
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Furthermore, because W ′(u) = e 1−u(1−u) is decreasing, NPW also satisfies YNPW ≤hr

YWeibull and YNPW ≤lr YWeibull, showing it is smaller in hazard and likelihood ratio
orderings.

Finally, NPW preserves scale closure: for c > 0, if Y ∼ NPW(λ, k) then cY ∼
NPW(λ/c, k).

5.2.6. Estimation (NPW)

Let y1, . . . , yn be i.i.d. from the NPW density g(y;λ, k) = k λkyk−1 exp
{
− 2(λy)k +

e−(λy)k
}
, y > 0, λ > 0, k > 0. Write si = (λyi)

k = λkyki . The log–likelihood is

ℓ(λ, k) = n log k + nk log λ+ (k − 1)

n∑
i=1

log yi − 2

n∑
i=1

si +

n∑
i=1

e−si .

The score components are

∂ℓ

∂λ
=

k

λ

[
n−2

n∑
i=1

si−
n∑

i=1

sie
−si

]
,

∂ℓ

∂k
=

n

k
+n log λ+

n∑
i=1

log yi−
n∑

i=1

si log(λyi)
[
2+e−si

]
.

Closed-form solutions are unavailable; (λ̂, k̂) are obtained numerically by solving the
score equations or maximizing ℓ(λ, k). For numerical stability and constraints, we
recommend the reparameterization

η = log λ, ξ = log k,

and unconstrained optimization (e.g., BFGS/Newton) on (η, ξ) with back-transforms
λ = eη, k = eξ. Standard errors follow from the inverse observed Fisher information,
computed either analytically via the Hessian or numerically:

SE(λ̂) =
√[
I−1(λ̂, k̂)

]
11
, SE(k̂) =

√[
I−1(λ̂, k̂)

]
22
.

Wald confidence intervals use the usual normal approximation.
Good starting values can be obtained from the baseline Weibull MLEs fitted to the

data (ignoring the transformation): (λ(0), k(0)). Alternatively, set k(0) from the slope
of the Weibull log–log plot and λ(0) from the median. We used R optim with (η, ξ),
tight convergence tolerances, and gradient supply for reliable performance.

5.2.7. Simulation Analysis

To evaluate the performance of the MLEs for the parameters of the NPW distribution,
a Monte Carlo simulation study was conducted. Samples of sizes n = 50, 100, and 500
were generated using the inverse transform sampling technique based on the NPW
distribution, under various combinations of the shape parameter k ∈ {1.0, 1.5, 2.0}
and the rate parameter λ ∈ {0.5, 1.0}. For each parameter setting, 1000 replications
were performed.

For every generated sample, the MLEs of λ and k were obtained numerically by
maximizing the log-likelihood function using the BFGS optimization routine in R. The
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empirical bias, MSE, and coverage probability (CP) of the 95% confidence intervals
were computed as

Bias(θ̂) =
1

N

N∑
i=1

(θ̂i − θ), (48)

MSE(θ̂) =
1

N

N∑
i=1

(θ̂i − θ)2, (49)

CP(θ̂) =
1

N

N∑
i=1

I
(
θ ∈ [θ̂i − 1.96× SE(θ̂i), θ̂i + 1.96× SE(θ̂i)]

)
, (50)

where SE(θ̂i) is the estimated standard error of the ith replication and I(·) denotes
the indicator function.

The numerical results, summarized in Tables 2–3, show that the MLEs for both
parameters are consistent and asymptotically unbiased. The bias and MSE decline
rapidly with increasing n (n = 50, 100, 500), and the empirical CPs remain close to
the nominal 95% level, confirming the reliability of the estimated standard errors.

Figures 8 and 9 further illustrate the convergence trends of bias, MSE, and CP
with increasing n. The MSE curves decay approximately at the rate of 1/n, while the
bias approaches zero, demonstrating the efficiency and stability of the MLEs. Notably,
the MSE of k̂ remains nearly invariant across different values of λ, indicating a weak
dependence between the scale and shape parameters and confirming the separability
of parameter effects in the NPW model.

Table 2. NPW distribution: Simulation results for the rate
parameter (λ) showing MLE, standard error (SE), bias, MSE,

and CP.

λ k n MLE SE Bias MSE CP (%)

0.5 1.0 50 0.5141 0.0812 0.0141 0.00678 95.90
100 0.5081 0.0608 0.0081 0.00376 94.50
500 0.5010 0.0261 0.0010 0.00068 94.60

1.5 50 0.5124 0.0569 0.0124 0.00339 94.10
100 0.5061 0.0395 0.0061 0.00160 94.40
500 0.5008 0.0174 0.0008 0.00030 95.50

2.0 50 0.5078 0.0425 0.0078 0.00186 92.80
100 0.5044 0.0290 0.0044 0.00086 94.70
500 0.5012 0.0127 0.0012 0.00026 95.20

The simulation results in Tables 2–3 confirm the efficiency and consistency of the
MLEs for the NPW distribution. Both parameters exhibit decreasing bias and MSE
as the sample size increases, with empirical and model-based SEs closely aligned. CPs
for the nominal 95% confidence intervals remain close to the expected level, indicating
accurate standard error estimation. The estimator performance improves rapidly for
n ≥ 100, suggesting stable inference even for moderate sample sizes.
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Table 3. NPW distribution: Simulation results for the shape

parameter (k) showing MLE, standard error (SE), bias, mean

squared error (MSE), and coverage probability (CP).

λ k n MLE SE Bias MSE CP (%)

0.5 1.0 50 1.0225 0.1115 0.0225 0.01293 96.40
100 1.0153 0.0815 0.0153 0.00686 94.80
500 1.0012 0.0357 0.0012 0.00128 94.00

1.5 50 1.5398 0.1835 0.0398 0.03521 93.50
100 1.5255 0.1204 0.0255 0.01513 94.70
500 1.5033 0.0525 0.0033 0.00276 93.90

2.0 50 2.0676 0.2402 0.0676 0.06219 93.70
100 2.0362 0.1645 0.0362 0.02835 93.70
500 2.0026 0.0717 0.0026 0.00514 94.00
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Figure 8. NPW simulation diagnostics for the rate parameter λ: bias, MSE, and 95% coverage as functions

of sample size.

6. Real Data Analysis

This section evaluates the practical performance of the proposed parsimonious trans-
formation using three distinct datasets that represent diverse hazard-rate topolo-
gies: monotonic increase (Dataset I), convex-to-concave transitions (Dataset II), and
bathtub-shaped risk (Dataset III). Although these datasets are well-documented in
the statistical literature, they are revisited here as benchmark stress-tests to assess
whether the proposed parameter-free generator can flexibly capture complex hazard
dynamics that typically require multi-parameter generalizations.
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Figure 9. NPW simulation diagnostics for the shape parameter k: bias, MSE, and 95% coverage as functions
of sample size.

6.1. Data description and preliminary analysis

Dataset I: The COVID-19 confirmed positive case data were collected from the
state of Kerala, India, covering the period from March 9, 2020, to April 30, 2020.
The data were published by the Government of Kerala through the official COVID-
19 dashboard maintained by the Health and Family Welfare Department (https:
//dashboard.kerala.gov.in/covid/daily.php).

Dataset II: The Wheaton River flood peak exceedances data (in m3/s) were orig-
inally reported by [7] and later analyzed in [6, 21]. It contains 72 observations from
the Yukon Territory, Canada, recorded between 1958 and 1984.

Dataset III: The third dataset, recently examined in [17], includes the survival
times (in weeks) of 33 patients diagnosed with acute myelogenous leukemia, providing
insight into lifetime behavior in clinical survival studies.

To explore the underlying hazard characteristics, the Total Time on Test (TTT)
plots shown in Figure 10 were constructed following the approach of [1]. Descriptive
statistics, including measures of skewness and kurtosis, are reported in Table 4.

The TTT plot for Dataset I (COVID-19 data) displays a concave pattern, indicating
an increasing failure rate (IFR). Consequently, the NPGu distribution was fitted, yield-
ing a Kolmogorov–Smirnov (K–S) p-value of 0.7977, suggesting an excellent fit. The
fitted density, empirical cdf, P–P plot, and survival function are shown in Figure 14.

The TTT plot for Dataset II exhibits a convex-to-concave transition, characteristic
of a bathtub-shaped hazard function, motivating the use of the NPW distribution.
Similarly, Dataset III (leukemia survival data) reveals a comparable hazard pattern
and was modeled using the NPEx distribution. Figures 15 and 16 present the corre-
sponding goodness-of-fit diagnostics.
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Figure 10. Total Time on Test (TTT) plots for the three datasets representing distinct hazard topologies:
increasing (a), convex–concave (b), and bathtub-shaped (c) hazard rates.

Table 4. Descriptive Statistics.

Dataset I II III

Mean 10.08 12.20 40.878
Median 8 9.50 22
Mode 2 1.70 4
SD 8.21 12.21 46.703

Minimum 1 0.10 155
Maximum 39 64 1

Q1 4 2.13 4
Q3 12 20.13 65
IQR 8 18 156

Skewness 1.52 1.47 1.165
Kurtosis 2.45 2.89 0.122

6.2. Exploratory Visualization

To gain further insight into the structural patterns of the three datasets, graphical
analyses were conducted through histograms, boxplots, kernel-density estimates, and
empirical distributions, as shown in Figures 11–13. These exploratory plots provide a
preliminary understanding of the data’s distributional form, central tendency, and tail
behavior, guiding the subsequent model-fitting process.

For Dataset I, the histogram and kernel-density plots exhibit strong right skewness
with a heavy upper tail, while the boxplot confirms substantial variability and outliers.
These features indicate a continuously increasing hazard pattern, consistent with the
concave TTT curve, and justify the selection of the NPGu distribution to capture
monotonic growth behavior.

For Dataset II, the data show a moderate right skew and extended tail. The density
and time-series plots reveal intermittent peaks separated by quiet intervals, implying
periods of low followed by high risk. This pattern supports the presence of a convex-
to-concave, bathtub-shaped hazard function, motivating the NPW distribution as a
suitable model.

For Dataset III, the distribution is right-skewed with relatively few long survivors,
suggesting an early high risk that gradually declines before increasing again. This
shape is characteristic of a decreasing-then-increasing hazard rate, making the NPEx
distribution an appropriate candidate. The kernel-density and empirical cdf plots align
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well with this interpretation.
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Figure 11. Dataset I: Histogram, boxplot, kernel density, and moving average plots for COVID-19 confirmed

cases (Kerala).

6.3. Model Selection Criteria

Before proceeding with the empirical fitting, we outline the statistical criteria employed
to compare the performance of the proposed models with existing alternatives. The
assessment relies on four well-established information-based measures and the Kol-
mogorov–Smirnov (K–S) goodness-of-fit test. These tools jointly evaluate both model
adequacy and parsimony.

6.3.1. Akaike Information Criterion (AIC)

Introduced by [2], the AIC is defined as

AIC = 2k − 2 log(L(ζ;x)), (51)

where k denotes the number of estimated parameters and L(ζ;x) is the maximized
likelihood function. A smaller AIC indicates a model that achieves a better trade-off
between goodness-of-fit and model complexity.
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Figure 12. Dataset II: Histogram, boxplot, kernel density, and time-series plots for Wheaton River flood

peak exceedances.

6.3.2. Bayesian Information Criterion (BIC)

Proposed by [24], the BIC penalizes model complexity more heavily than AIC:

BIC = k log(n)− 2 log(L(ζ;x)), (52)

where n is the sample size. The model with the lowest BIC is considered the most
plausible under Bayesian asymptotic reasoning.

6.3.3. Consistent Akaike Information Criterion (CAIC)

The CAIC, introduced to address potential overfitting in small samples, modifies the
AIC penalty term as

CAIC = AIC +
2k(k + 1)

n− k − 1
. (53)

This adjustment increases the penalty for complex models, improving selection con-
sistency as n grows.

6.3.4. Hannan–Quinn Information Criterion (HQIC)

Proposed by [12], HQIC applies a milder penalty than BIC:

HQIC = 2k log(log(n))− 2 log(L(ζ;x)). (54)
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Figure 13. Dataset III: Histogram, boxplot, density plot, and empirical cumulative distribution (ECDF) for
leukemia survival times.

This measure provides a compromise between the AIC’s tendency toward overfitting
and BIC’s stronger penalty.

6.3.5. Kolmogorov–Smirnov (K–S) test

To further assess model adequacy, we apply the K–S statistic to measure the maximum
absolute difference between empirical and fitted cumulative distribution functions:

D = sup
x
|Fn(x)− F (x; ζ̂)|. (55)

A higher p-value indicates closer alignment between the empirical data and the fitted
model.

In the subsequent subsection, these criteria are applied to compare the fitted NPGu,
NPW, and NPEx models against several benchmark distributions. The combination of
likelihood-based and distance-based measures ensures both goodness-of-fit and model
efficiency are comprehensively evaluated.

6.4. Model Fitting and Comparison

In this subsection, the proposed submodels-NPGu, NPW, and NPEx are fitted to the
respective datasets using the MLE method. The goodness-of-fit is evaluated through a
suite of information-based criteria, including the AIC, BIC, CAIC, and HQIC, along-
side the K–S test statistic. Lower information-criterion values and higher p-values from
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the K–S test indicate superior model adequacy.

6.4.1. Dataset I

Table 5 and Figure 14 show the fitting results for the COVID-19 case data. Among all
compared models, the NPGu distribution achieves the smallest AIC, BIC, HQIC, and
CAIC values, together with the highest K–S p-value (0.7977), confirming its superior
fit. The fitted density and survival plots closely match the empirical behavior, effec-
tively capturing the monotonic increase in hazard rates during the observed period.
Competing models, including the Normal, Logistic, and beta-Gumbel (betaGu) distri-
butions [20], exhibit inferior fit quality, validating the structural efficiency of NPGu.

6.4.2. Dataset II

For the flood peak exceedance data, Table 6 and Figure 15 summarize the model com-
parison results. The NPW model exhibits the lowest AIC (507.64) and smallest K–S
statistic (0.1043), outperforming several multi-parameter competitors such as Kavya-
Manoharan exponential (KME) [14], DUS exponential (DUSE) [15], SS-Exponential
(SSE) [15], GDUS-Exponential (GDUSE) [18], Exponentiated Generalized Gumbel
(EGGu) [9], and Kumaraswamy Pareto (KwPa) [6]. The fitted plots reveal that NPW
successfully reproduces the convex–concave (bathtub-like) hazard pattern observed in
the TTT plot. This result highlights the capacity of the NPW model to offer enhanced
flexibility without parameter proliferation.

6.4.3. Dataset III

The NPEx distribution is compared with Burr XII (BXII), Topp-Leone-BXII (TL-
BXII), Marshall-Olkin-BXII (MOBXII), Zografos-Balakrishnan-BXII (ZBBXII), five-
parameter beta-BXII (FBBXII), Beta-BXII (BBXII), Beta exponentiated-BXII (BE-
BXII), five-parameter Kumaraswamy-BXII (FKwBXII), and the KwBXII distribu-
tion, which were recently studied and reported in [17] using the same dataset. The
comparison results, given in Table 7 and Figure 16, indicate that the NPEx distribu-
tion provides the smallest information-criterion scores, despite being a two-parameter
model. The fitted hazard curve exhibits the characteristic bathtub pattern, confirming
that the NPEx distribution effectively captures non-monotonic hazard shapes with
minimal model complexity.

Table 5. Dataset I: Model comparison using information cri-

teria and K–S test.

Model Parameters -logℓ AIC BIC HQIC CAIC K–S p-value

NPGu (µ̂ = 12.4078, σ̂ = 9.0727) 165.07 334.14 337.92 335.57 339.92 0.7977
Normal (µ̂ = 6.645, σ̂ = 5.468) 172.19 348.37 352.16 349.81 354.16 0.1375
Logistic (µ̂ = 7.187, σ̂ = 3.664) 170.36 342.73 346.51 344.17 348.51 0.3545

betaGu (µ̂ = 8.860, σ̂ = 7.067, â = 0.935, b̂ = 1.337) 164.14 336.27 343.84 339.14 347.84 0.3328

Across the three empirical studies, the proposed parsimonious family demon-
strated strong flexibility and competitiveness when compared with established multi-
parameter models. The NPGu model provided an excellent fit to the COVID-19
dataset, capturing the increasing hazard pattern with the lowest AIC, BIC, and K–S
statistics among the competitors. Similarly, the NPW model successfully modeled the
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Figure 14. Dataset I (COVID-19 cases, Kerala): Graphical assessment of fit under the NPGu model. The
close alignment across all diagnostic plots supports the adequacy of the NPGu distribution.

Table 6. Dataset II: Model comparison for flood exceedance

data.

Model Parameters logℓ AIC BIC HQIC K–S

NPW (λ̂ = 0.0315, k̂ = 0.9333) -251.82 507.64 507.35 507.60 0.1043

KME (λ̂ = 0.0632) -252.01 506.03 508.30 507.18 0.110

DUSE (θ̂ = 0.0999) -254.47 510.94 513.21 511.68 0.186

SSE (θ̂ = 0.0450) -252.98 507.96 510.24 508.92 0.161

GDUSE (α̂ = 0.6803, λ̂ = 0.0812) -251.62 507.25 511.80 508.92 0.113

EGGu (α̂ = 0.0988, β̂ = 0.4769, µ̂ = 2.6317, σ̂ = 1.6639) -256.89 521.80 530.88 525.72 0.108

KwPa (â = 2.855, b̂ = 85.847, k̂ = 0.0528, β̂ = 0.1) -271.20 584.40 555.30 570.85 0.170

bathtub-shaped hazard observed in the Wheaton River flood data, outperforming all
classical Weibull-based extensions despite its reduced parameterization. Finally, the
NPEx model accurately characterized the leukemia survival dataset, yielding superior
goodness-of-fit metrics relative to a wide class of Burr XII-type generalizations.

Overall, these results confirm that the new parsimonious generator can replicate
complex empirical hazard behaviors—such as increasing, decreasing, and bathtub-
shaped trends. This finding emphasizes the model’s robustness, interpretability, and
practical utility, thereby validating the theoretical developments introduced in earlier
sections and motivating its further use in applied reliability and survival analysis
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(a) Histogram with NPW overlay. (b) Q–Q diagnostic plot.

(c) P–P diagnostic plot. (d) Empirical and fitted CDFs.

Figure 15. Dataset II (Wheaton River flood exceedances): Diagnostic plots for NPW model fit, showing

strong agreement between empirical and fitted distributions.

(a) Empirical and fitted CDFs. (b) Histogram with NPEx over-

lay.

(c) Fitted hazard rate function.

Figure 16. Dataset III (Leukemia survival times): Fitted NPEx model showing excellent alignment with
empirical data and clear bathtub-shaped hazard pattern.

Table 7. Dataset III: Comparison of NPEx with Burr-XII-
type and related generalizations.

Model Parameters (MLE) AIC BIC HQIC CAIC

NPEx (λ̂ = 0.0100) 312.02 313.52 312.53 312.14
Exponential (0.0245) 312.90 314.40 313.40 315.40
Weibull (0.776, 35.344) 311.17 314.17 316.17 312.18
BXII (58.7, 0.006) 328.21 331.19 328.61 329.20
MOBXII (11.838, 0.078, 12.25) 315.54 320.01 316.38 317.04
TLBXII (0.281, 1.882, 50.215) 316.30 320.73 317.09 317.76
KwBXII (9.201, 36.428, 0.242, 0.941) 317.36 323.31 318.79 319.33
BBXII (96.10, 52.12, 0.10, 1.23) 316.50 322.45 317.89 318.50
BEBXII (0.087, 5.007, 1.561, 31.270, 0.318) 317.58 325.10 319.80 320.10
FKwBXII (14.7, 15.285, 0.29, 0.84, 0.03) 317.76 325.20 319.98 320.27
ZBBXII (41.97, −0.16, 44.26) 313.85 318.45 314.40 315.40
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contexts.

7. Goodness of Fit Test

7.1. Nikulin–Rao–Robson (NRR) Statistic Test

Goodness-of-fit testing verifies whether a theoretical model adequately represents ob-
served data. Traditional tests such as Pearson’s Chi-square may perform poorly when
parameters are estimated from data or when samples are small or censored. The
Nikulin–Rao–Robson (NRR) statistic [23] provides a modified Chi-square-type test
that adjusts for parameter estimation and is particularly effective in reliability and
survival contexts.

Let H0 denote that a random sample T1, T2, . . . , Tn arises from G(t; ζ), where ζ is
a vector of unknown parameters. The sample space is divided into r non-overlapping
intervals with expected probabilities

pj(ζ) =

∫ aj

aj−1

f(t; ζ) dt, j = 1, 2, . . . , r, (56)

and observed frequencies νj . The NRR statistic is defined as

Y 2(ζ̂) = X2(ζ̂) +
1

n
LT (ζ̂)

[
I(ζ̂)− J(ζ̂)

]−1
L(ζ̂), (57)

where

X2(ζ) =

r∑
j=1

(νj − npj(ζ))
2

npj(ζ)
. (58)

Here, I(ζ̂) is the Fisher information matrix, J(ζ̂) is the grouped-data information

matrix, and L(ζ̂) accounts for the sensitivity of the grouped probabilities to parameter

estimates. Under H0, Y
2(ζ̂) asymptotically follows a Chi-square distribution with r−1

degrees of freedom.
The NRR statistic shares conceptual similarities with classical tests such as the
Kolmogorov–Smirnov (K–S) and Anderson–Darling (A–D) statistics, which also eval-
uate the discrepancy between theoretical and empirical distributions. However, unlike
K–S and A–D tests, the NRR test explicitly incorporates the effect of parameter esti-
mation through an information-based adjustment. This makes it particularly suitable
for models with estimated parameters or grouped data, where standard tests may lose
validity. Moreover, simulation studies confirm that the NRR statistic maintains stable
Type I error rates and competitive power compared to K–S and A–D, while offering
improved robustness for small or moderate sample sizes.

7.2. Simulation of the Y 2 Statistic

To validate the asymptotic behavior of the Y 2 statistic, Monte Carlo simulations were
performed. For each configuration, 1000 random samples were generated from the
NPGu distribution, with sample sizes n = 50, 100, 200, 500, and 800. The proportion
of non-rejections of H0 was evaluated at significance levels ϵ = 0.02, 0.05, 0.01, and
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0.1. The empirical and theoretical levels, shown in Table 8, exhibit close agreement,
confirming the stability of the test under finite samples.

Table 8. Empirical and theoretical significance levels for the

NRR test (N = 1000).

n ϵ = 0.02 ϵ = 0.05 ϵ = 0.01 ϵ = 0.10

50 0.982 0.945 0.990 0.920
100 0.984 0.947 0.993 0.914
200 0.983 0.946 0.986 0.891
500 0.983 0.956 0.991 0.889
800 0.981 0.951 0.990 0.901

Additionally, Figure 17 displays the empirical distribution of Y 2 under multiple
parameter configurations, compared with the theoretical Chi-square distribution with
m = r − 1 degrees of freedom. The close alignment across parameter values confirms
that Y 2 converges to a Chi-square law asymptotically, supporting its distribution-free
property.
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Figure 17. Simulated distributions of the Y 2 statistic under H0 for different parameter values of the NPGu

model, compared with the Chi-square(10) distribution (n = 300, N = 1000).

7.3. Application to the Kerala COVID-19 Data

The NRR statistic was first applied to the COVID-19 dataset from Kerala, assuming
the NPGu distribution under H0. MLEs obtained via optim in R were µ̂ = 12.40783
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and σ̂ = 9.07265, yielding the estimated Fisher information matrix:

I(ζ̂)−1 =

[
1.3363 0.7860
0.7860 1.1085

]
.

The computed test statistic was Y 2 = 7.0843 with r = 7. At ϵ = 0.01, the critical
value χ2

0.01(6) = 16.812, and since Y 2 < χ2
0.01(6), we fail to reject H0. Thus, the NPGu

model adequately fits the COVID-19 data.

7.4. Application to the Flood Data

Applying the NRR test to the Wheaton River flood dataset under the NPW model
produced MLEs λ̂ = 0.03156, k̂ = 0.9333, with Fisher information:

I(ζ̂)−1 =

[
46540.794 6137.964
6137.964 128.3608

]
.

Here, Y 2 = 8.7889 for r = 9. At significance level ϵ = 0.01, χ2
0.01(8) = 20.09, confirming

Y 2 < χ2
0.01(8). Therefore, the NPWmodel is an appropriate fit for the flood exceedance

data.

7.5. Application to the Survival Data

Finally, the leukemia survival dataset was tested under the NPEx model, with MLE
λ̂ = 0.01005 and r = 11. The resulting statistic Y 2 = 13.7316 was compared against
χ2
0.01(10) = 23.209. Since Y 2 < χ2

0.01(10), we fail to reject H0, indicating that the
NPEx distribution provides an adequate fit for the leukemia survival data.

8. Conclusion

This study introduced a parsimonious transformation within the T–X family, for-
mulated through the generator W (u) = ue1−u, providing a flexible yet parameter-
preserving mechanism for extending baseline continuous distributions. Unlike conven-
tional generalizations that increase flexibility by introducing additional shape param-
eters, the proposed transformation achieves comparable or superior adaptability by
structurally modifying the weighting function of the cumulative distribution function.
Comprehensive theoretical development established the core distributional, analytical,
and reliability properties of the new family. Closed-form expressions were derived for
key characteristics, including the probability density function, hazard rate, and mo-
ments. Structural analysis revealed that the transformation dynamically reallocates
probability mass toward the lower tail, enabling the modeling of right-skewed and non-
monotonic hazard behaviors without additional parameters. Monte Carlo simulations
confirmed the statistical soundness of the maximum likelihood estimators and demon-
strated consistent performance across different parameter settings and sample sizes.
The simulation of the Nikulin–Rao–Robson (Y 2) statistic further validated its asymp-
totic Chi-square behavior, supporting its use as a robust goodness-of-fit measure for the
proposed family. Empirical applications across three benchmark datasets—COVID-19
incidence data (NPGu), Wheaton River flood peak exceedances (NPW), and leukemia
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survival times (NPEx)—illustrated the family’s adaptability to a range of hazard rate
structures, including monotonic, convex–concave, and bathtub-shaped forms. In each
case, the new models achieved superior or competitive goodness-of-fit relative to several
multi-parameter alternatives, while preserving interpretability and computational effi-
ciency. In summary, the proposed transformation contributes a unifying, parsimonious
framework for generating flexible lifetime and reliability models. Its demonstrated em-
pirical strength and theoretical coherence position it as a promising alternative to
conventional parameter-augmented generators. Future research could extend this ap-
proach to multivariate or truncated settings, develop Bayesian inferential procedures,
and explore regression-type formulations for covariate-dependent hazard structures.
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Appendices

Appendix A.

Table A1. NPF Submodels with different supports.

Distribution NPF :Submodel

Beta F (x; a, b) = Ix(a, b) G(x; a, b) = Ix(a, b)e1−Ix(a,b)

0 ≤ x ≤ 1 0 ≤ x ≤ 1
Ix(a, b) is the regularized incomplete beta function

Br F (x; c, k) = 1− (1 + xc)−k G(x; c, k) =
[
1− (1 + xc)−k

]
e(1+xc)−k

c > 0, k > 0, x > 0 x > 0

Gu F (x;µ, σ) = e−e
− (x−µ)

σ G(x;µ, σ) = e−e
− (x−µ)

σ e1−e−e
− (x−µ)

σ

µ > 0, σ > 0, x ∈ R x ∈ R

Lo F (x;µ, σ) = 1

1+e
− (x−µ)

σ

G(x;µ, σ) = 1

1+e
− (x−µ)

σ

e

1− 1

1+e
− (x−µ)

σ

µ,σ > 0, x ∈ R x ∈ R

PF F (x;α, β) =
(

x
β

)α
G(x;α, β) =

(
x
β

)α
e
1−

(
x
β

)α

α > 0, β > 0, 0 ≤ x ≤ β 0 ≤ x ≤ β

Pa F (x;α, β) = 1−
(

β
x

)α
G(x;α, β) =

[
1−

(
β
x

)α]
e

(
β
x

)α

β > 0, α > 0, x ≥ β β > 0, α > 0, x ≥ β
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